Introduction and statement of results
Let q = p r be a power of an odd prime, and let F q be the finite field of q elements. Let Z p denote the ring of p-adic integers. Let Γ p (.) denote the Morita's p-adic gamma function, and let ω denote the Teichmüller character of F q . We denote by ω the inverse of ω. For x ∈ Q we let ⌊x⌋ denote the greatest integer less than or equal to x and x denote the fractional part of x, i.e. x − ⌊x⌋. Also, we denote by Z + and Z ≥0 the set of positive integers and non negative integers, respectively. In [11] , McCarthy defined a function n G n [· · · ] as given below. Definition 1.1. [11, Defn. 5.1] Let q = p r , for p an odd prime and r ∈ Z + , and let t ∈ F q . For n ∈ Z + and 1 ≤ i ≤ n, let a i , b i ∈ Q ∩ Z p . Then the function n G n [· · · ] is defined by n G n a 1 , a 2 , · · · , a n b 1 , b 2 , · · · , b n |t
This function has many interesting properties. For further details, see [11] . In [5] , Greene introduced the notion of hypergeometric functions over finite fields. Since then, many interesting connections between hypergeometric functions over finite field and algebraic curves have been found. But these results are restricted to primes satisfying certain congruence conditions. For example, see [1, 2, 4, 9, 10] . Let E/F q be an elliptic curve given in the Weierstrass form. Then the trace of Frobenius a q (E) of E is given by a q (E) :
where #E(F q ) denotes the number of F q -points on E including the point at infinity. Let j(E) denote the j-invariant of the elliptic curve E. Let φ be the quadratic character of F 
In [2] , the first author & Kalita gave two formulas for the trace of Frobenius of the elliptic curve E a,b : y 2 = x 3 + ax + b defined over F q under the conditions q ≡ 1 (mod 6) and q ≡ 1 (mod 4), respectively. In this paper, we prove the following two expressions for the trace of Frobenius of the elliptic curve E a,b /F q in terms of special values of the function 2 G 2 [· · · ] without any congruence conditions on q.
where 3k 2 + a = 0.
where
McCarthy proved the Theorem 1.2 over F p . Along the proof of the Theorem 1.3 and Theorem 1.4 (which are proved for F q ), we have verified that the Theorem 1.2 is also true for F q . Hence, we have the following corollary which gives nice transformation formulas between special values of the function 2 G 2 [· · · ] with different parameters.
Preliminaries
Let F × q denote the group of multiplicative characters of F × q . We extend the domain of each χ ∈ F × q to F q by setting χ(0) := 0 including the trivial character ε. The orthogonality relations for multiplicative characters are listed in the following lemma.
Let Z p denote the ring of p-adic integers, Q p the field of p-adic numbers, Q p the algebraic closure of Q p , and C p the completion of Q p . Let Z q be the ring of integers in the unique unramified extension of Q p with residue field F q . Recall that Z × q contains all (q − 1)-th root of unity. Therefore, we can consider multiplicative charcaters of F × q to be maps χ :
We now introduce some properties of Gauss sums. For further details, see [3] . Let ζ p be a fixed primitive root of unity in Q p . Then the additive character θ :
where tr : F q → F p is the trace map given by
For χ ∈ F × q , the Gauss sum is defined by
We let T denote a fixed generator of F × q . The Gauss sum G(T m ) is denoted by G m . The following lemma provides a formula for the multiplicative inverse of a Gauss sum.
Using orthogonality, we can write θ in terms of Gauss sums as given in the following lemma.
Theorem 2.4. (Davenport-Hasse Relation [8] ). Let m be a positive integer and let q = p r be a prime power such that q ≡ 1(mod m). For multiplicative characters χ, ψ ∈ F × q , we have
We now recall the definition of p-adic gamma function. For n ∈ Z + , the p-adic gamma function Γ p (n) is defined as
We also note that
where x 0 ∈ {1, 2, . . . , p} satisfies x 0 ≡ x (mod p). The Gross-Koblitz formula allow us to relate the Gauss sums and the p-adic gamma function. Let π ∈ C p be the fixed root of x p−1 + p = 0 which satisfies π ≡ ζ p − 1 (mod (ζ p − 1)
2 ). Then we have the following result.
Theorem 2.5. (Gross, Koblitz [6] ). For a ∈ Z and q = p r ,
Proof of the results
We first prove a lemma which we will use to prove the main results.
Lemma 3.1. Let p be a prime and q = p r . For 0 ≤ j ≤ q − 2 and t ∈ Z + with p ∤ t, we have
and
Proof. Fix 0 ≤ j ≤ q − 2, and let k ∈ Z ≥0 be defined such that
Putting m = t and x = tj q−1 − k in (4), we obtain
We observe that 0 ≤ k < t. Therefore, we have
Again by our choice of k, for any nonnegative integer i we have
This gives us
Now substituting (10), (11) into (9) we obtain (6).
We prove (7) following [11, Lemma 4.1] and using similar arguments as given in the proof of (6).
Proof. We can prove the lemma by considering the following cases:
In case 2, we observe that ⌊
i − 1 and x = 6u + v, where v = 0, 1, 2, 3, 4 or 5, the result follows.
i − 1 and x = 4u + v, where v = 0, 1, 2 or 3, the desired result follows. Now, we are going to prove Theorem 1.3. The proof will follow as a consequence of the next theorem. We consider an elliptic curve E 1 over F q in the form
where c = 0. We express the trace of Frobenius endomorphism on the curve E 1 as a special value of the function 2 G 2 [· · · ] in the following way.
Theorem 3.4. Let q = p r , p > 3 be a prime. The trace of Frobenius on E 1 is given by
we obtain , where
which is non zero only if m = − 2 3 n and n = −3l −
. Since G 3l+
and G −2l−(q−1) = G −2l , we have
Replacing l by l − q−1 2
we obtain
Using Davenport-Hasse relation (Theorem 2.4) for m = 2, ψ = T −l , we deduce that
Substituting (16) into (15) and using lemma 2.2 we deduce that
Putting the values of A, B, C and D in (13) we obtain
which yields
Now we take T to be the inverse of the Teichmüller character, i.e., T = ω and use the Gross-Koblitz formula (Theorem 2.5) to convert the above expression to an expressing involving the p-adic gamma function. This gives 
Clearly a q (E a,b ) = a q (E ′′ ) and 3h = 0. Using Theorem 3.5 for the elliptic curve E ′′ , we complete the proof.
